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Abstrat
In the present paper the authors show that iterations of the Hankel transform with Kν-transform
is a onstant multiple of the Widder transform. Using these iteration identities, several Parseval-
Goldstein type theorems for these transforms are given. By making use of these results a number
of new Goldstein type exhange identities are obtained for these and the Laplae transform. The
identities proven in this paper are shown to give rise to useful orollaries for evaluating innite
integrals of speial funtions. Some examples are also given as illustration of the results presented
here.
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1 Introdution, denition and preliminaries
Over four deades ago, Widder [13℄ presented a systemati aount of the so-alled Widder
transform:
P
{
f(x); y
}
=
∫
∞
0
x f(x)
x2 + y2
dx, (1)
whih, by an exponential hange of variable, beomes a onvolution transform with a kernel
belonging to a general lass treated by Hirshman and Widder [6℄. The Widder transform
(1) is related to the lassial Stieltjes transform as follows:
P
{
f(x); y
}
=
1
2
S
{
f
(√
x
)
; y2
}
, (2)
∗
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where the Stieltjes transform is dened by
S
{
f(x); y
}
=
∫
∞
0
f(x)
x+ y
dx. (3)
Srivastava and Singh [8℄ gave the following Goldstein type exhange identity for the Widder
potential transform (1) together with several illustrative examples of its appliations (see
also [3℄): ∫
∞
0
yP
{
f(x); y
}
g(y) dy =
∫
∞
0
x f(x)P
{
g(y); x
}
dx. (4)
The following identity similar to (4) was introdued earlier by Goldstein [3℄:
∫
∞
0
L
{
f(x); y
}
g(y) dy =
∫
∞
0
f(x)L
{
g(y); x
}
dx (5)
is popularly known as the Goldstein type exhange identity for the lassial Laplae trans-
form:
L
{
f(x); y
}
=
∫
∞
0
exp(−x y) f(x) dx. (6)
Srivastava and Yürekli [9,10℄ gave various Parseval-Goldstein type identities for the Laplae
transform (6), the Widder potential transform (1), the Fourier sine transform:
FS
{
f(x); y
}
=
∫
∞
0
sin(x y) f(x) dx, (7)
and the Fourier osine transform:
FC
{
f(x); y
}
=
∫
∞
0
cos(x y) f(x) dx. (8)
Some results involving the Hankel transform and the K -transform were given by (among
others) Srivastava and Yürekli [10℄. The Hankel transform is dened by
Hν
{
f(x); y
}
=
∫
∞
0
√
x y Jν(x y) f(x) dx, (9)
where Jν(x) denotes the Bessel funtion of the rst kind of order ν. Using the formula (f.
[7, p. 306, Eq. 32:13:10℄)
J
1
2
(x) =
√
2
pi x
sin(x) (10)
the denition (7) of the Fourier sine transform, and the denition (9) of the Hankel transform,
we obtain the familiar relationship
H 1
2
{
f(x); y
}
=
√
2
pi
FS
{
f(x); y
}
. (11)
Similarly, using the formula (f. [7, p. 306, Eq. 32:13:11℄)
J
−
1
2
(x) =
√
2
pi x
cos(x) (12)
2
the denition (8) of the Fourier osine transform, and the denition (9) of the Hankel trans-
form, we obtain the relationship
H
−
1
2
{
f(x); y
}
=
√
2
pi
FC
{
f(x); y
}
. (13)
The K -transform is dened by
Kν
{
f(x); y
}
=
∫
∞
0
√
x yKν(x y) f(x) dx, (14)
where Kν(x) is the modied Bessel funtion (or the Madonald funtion) of order ν. Using
the formula (f. [7, p. 239, Eq. 26:13:5℄)
K
1
2
(x) =
√
pi
2 x
exp(−x), (15)
the denition (6) of the Laplae transform, and the denition (14) of the Hankel transform,
we obtain the relationship
K 1
2
{
f(x); y
}
=
√
pi
2
L
{
f(x); y
}
, (16)
whih inidentally holds true also when K 1
2
is replaed by K
−
1
2
.
In this artile, we rst present iteration identities involving the Widder potential transform,
the Hankel transform, and K -transform. By using these iteration identities, we establish
Parseval-Goldstein type identities involving these transforms. The Parseval-Goldstein type
identities established here yields new identities for the various integral transforms introdued
above. As appliations of the resulting identities and theorems, some illustrative examples
are also given.
2 The main Parseval-Goldstein type theorem
The following identities involving the Hankel transform, the K -transform, and the Widder
potential transform will be required in our investigation.
Lemma 1 The identities
Hν
{
Kν
{
f(x); u
}
; y
}
= yν+1/2 P
{
x−ν−1/2 f(x); y
}
, (17)
and
Kν
{
Hν
{
f(x); u
}
; y
}
= y−ν+1/2 P
{
xν−1/2 f(x); y
}
, (18)
hold true provided that ℜ(ν) > −1 and eah member of the assertions (17) and (18) exists.
3
PROOF. We only give here the proof of the iteration identity (17) beause the proof of
(18) is similar. Indeed, by the denitions (9) of the Hankel transform and (14) of the K -
transform, we have
Hν
{
Kν
{
f(x); u
}
; y
}
=
∫
∞
0
(u y)1/2 Jν(u y)
[ ∫
∞
0
(u x)1/2Kν(u x) f(x) dx
]
du (19)
Changing the order of integration (whih is permissible by absolute onvergene of the inte-
grals involved), we nd from (19) that
Hν
{
Kν
{
f(x); u
}
; y
}
=
∫
∞
0
(x y)1/2 f(x)
[ ∫
∞
0
u Jν(u y)Kν(u x) du
]
dx. (20)
Using the known formula [4, p. 658, Entry 6.521-1℄, the integral on the right-hand side of
(20) is given by ∫
∞
0
u Jν(u y)Kν(u x) du =
yν
xν (x2 + y2)
· (21)
The assertion (17) follows upon substituting the result (21) into (20) and then using the
denition (1) of the Widder potential transform. ✷
Using the known property of the Hankel transform
Hν
{
Hν
{
f(x); y
}
; x
}
= f(x), (22)
and our identities (17) and (18), we obtain the iteration identities ontained in
Corollary 2 Under the assumptions of the Lemma 1, the iteration identities
Hν
{
uν+1/2 P
{
x−ν−1/2 f(x); u
}
; y
}
= Kν
{
f(x); y
}
(23)
P
{
uν−1/2 Hν
{
f(x); u
}
; y
}
= yν−1/2 Kν
{
f(x); y
}
, (24)
and
Hν
{
uν+1/2 P
{
x−ν−1/2 f(x); u
}
; y
}
= y−ν+1/2 P
{
uν−1/2 Hν
{
f(x); u
}
; y
}
. (25)
Setting ν = 1/2 and ν = −1/2 in the results (17) and (18); and using the relationships (11),
(13) and (16), we obtain the results ontained in
4
Corollary 3 Under the assumptions of the Lemma 1, the following iteration identities
FS
{
L
{
f(x); u
}
; y
}
= yP
{
x−1 f(x); y
}
, (26)
L
{
FS
{
f(x); u
}
; y
}
= P
{
f(x); y
}
, (27)
FC
{
L
{
f(x); u
}
; y
}
= P
{
f(x); y
}
(28)
and
L
{
FC
{
f(x); u
}
; y
}
= yP
{
x−1 f(x); y
}
(29)
hold true.
Remark 4 The identity (27) was obtained earlier in Widder [12℄. Thus, our result (18) in
the Lemma 1 generalizes the earlier result (27).
Immediate onsequenes of the Corollary 3 are ontained in
Corollary 5 Under the assumptions of the Lemma 1, the following iteration identities
FS
{
L
{
f(x); u
}
; y
}
= L
{
FC
{
f(x); u
}
; y
}
(30)
and
L
{
FS
{
f(x); u
}
; y
}
= FC
{
L
{
f(x); u
}
; y
}
(31)
hold true.
Similary, setting ν = 1/2 and ν = −1/2 in the results (23) and (24); and using the relation-
ships (11), (13) and (16), we obtain the results ontained in the following two orollaries.
Corollary 6 Under the assumptions of the Lemma 1, the following iteration identities
FS
{
uP
{
x−1 f(x); u
}
; y
}
=
pi
2
L
{
f(x); y
}
, (32)
P
{
FS
{
f(x); u
}
; y
}
=
pi
2
L
{
f(x); y
}
, (33)
FC
{
P
{
f(x); u
}
; y
}
=
pi
2
L
{
f(x); y
}
(34)
and
yP
{
u−1 FC
{
f(x); u
}
; y
}
=
pi
2
L
{
f(x); y
}
(35)
hold true.
Immediate onsequenes of the Corollary 6 are ontained in
5
Corollary 7 Under the assumptions of the Lemma 1, the following iteration identities
FS
{
uP
{
x−1 f(x); u
}
; y
}
= P
{
FS
{
f(x); u
}
; y
}
= FC
{
P
{
f(x); u
}
; y
}
= yP
{
u−1 FC
{
f(x); u
}
; y
}
(36)
hold true.
Our main result is ontained in
Theorem 8 The following Parseval-Goldstein type identities hold true:
∫
∞
0
Hν
{
f(x); y
}
Kν
{
g(u); y
}
dy =
∫
∞
0
xν+1/2 f(x)P
{
u−ν−1/2 g(u); x
}
dx, (37)∫
∞
0
Hν
{
f(x); y
}
Kν
{
g(u); y
}
dy =
∫
∞
0
u−ν+1/2 g(u)P
{
xν−1/2 f(x); u
}
du (38)
and
∫
∞
0
xν+1/2 f(x)P
{
u−ν−1/2 g(u); x
}
dx =
∫
∞
0
u−ν+1/2 g(u)P
{
xν−1/2 f(x); u
}
du, (39)
provided that ℜ(ν) > −1 and the integrals involved onverge absolutely.
PROOF. We only give here the proof of the Parseval-Goldstein identity (37) beause the
proof of (38) is similar and the identity (39) follows easily from the assertions (37) and (38).
Indeed, by the denition (9) of the Hankel transform, we have
∫
∞
0
Hν
{
f(x); y
}
Kν
{
g(u); y
}
dy
=
∫
∞
0
Kν
{
g(u); y
}[ ∫ ∞
0
(x y)1/2 Jν(x y) f(x) dx
]
dy (40)
Changing the order of integration whih is permissible under the assumptions of the theorem
and using the denition (9) of the Hankel transform one again, we nd from (40) that
∫
∞
0
Hν
{
f(x); y
}
Kν
{
g(u); y
}
dy
=
∫
∞
0
f(x)
[ ∫
∞
0
(x y)1/2 Kν
{
g(u); y
}
Jν(x y) dy
]
dx
=
∫
∞
0
f(x)Hν
{
Kν
{
g(u); y
}
; x
}
dx (41)
Now the assertion (37) easily follows (41) and (17) of the Lemma 1 ✷
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Setting ν = 1/2 in the Parseval-Goldstein type identities (37), (38), and (39) of our Theorem
8 and using the speial ases (11) and (16) of the Hankel transforms and the K -transforms,
respetively; we obtain the identities ontained in the following orollary.
Corollary 9 The following Parseval-Goldstein type identities hold true:∫
∞
0
FS
{
f(x); y
}
L
{
g(u); y
}
dy =
∫
∞
0
x f(x)P
{
u−1 g(u); x
}
dx (42)∫
∞
0
FS
{
f(x); y
}
L
{
g(u); y
}
dy =
∫
∞
0
g(u)P
{
f(x); u
}
du (43)
and ∫
∞
0
x f(x)P
{
u−1 g(u); x
}
dx =
∫
∞
0
g(u)P
{
f(x); u
}
du (44)
provided that integrals involved onverge absolutely.
Remark 10 The Parseval-Goldstein type identity (43) is obtained earlier in Srivastava and
Yürekli [9, p. 586, Eq. (7)℄. Therefore, the identity (38) is a generalization of the earlier
identity (43).
Setting ν = −1/2 in the Parseval-Goldstein type identities (37), (38), and (39) of our The-
orem 8 and using the speial ases (13) and (16) of the Hankel transforms and the K -
transforms, respetively; we obtain the identities ontained in the following orollary.
Corollary 11 The following Parseval-Goldstein type identities hold true:∫
∞
0
FC
{
f(x); y
}
L
{
g(u); y
}
dy =
∫
∞
0
f(x)P
{
g(u); x
}
dx (45)
and ∫
∞
0
FC
{
f(x); y
}
L
{
g(u); y
}
dy =
∫
∞
0
u g(u)P
{
x−1 f(x); u
}
du (46)
provided that integrals involved onverge absolutely.
Remark 12 If we use the Parseval-Goldstein type identities (45) and (46) of Corollary 11,
we obtain a Goldstein type relationship idential to (44) of Corollary (9).
Either applying the known property (22) of the Hankel transform in the Parseval-Goldstein
type identities (37) and (38) of our Theorem 8 or diretly using the iteration identities (23)
and (24), we obtain a new set of Parseval-Goldstein type identities ontained in
Theorem 13 The following Parseval-Goldstein type identities hold true:∫
∞
0
yν+1/2 Hν
{
f(x); y
}
P
{
u−ν−
1
2 g(u); y
}
dy =
∫
∞
0
f(x)Kν
{
g(u); x
}
dx, (47)∫
∞
0
yν+1/2 Hν
{
f(x); y
}
P
{
u−ν−
1
2 g(u); y
}
dy =
∫
∞
0
g(u)Kν
{
f(x); u
}
du, (48)
7
and
∫
∞
0
f(x)Kν
{
g(u); x
}
dx =
∫
∞
0
g(u)Kν
{
f(x); u
}
du (49)
provided that ℜ(ν) > −1 and the integrals involved onverge absolutely.
Setting ν = 1/2 and ν = −1/2 in the Parseval-Goldstein type identities (47), (48), and (49)
of our Theorem 13 and using the speial ases (11), (13) and (16) of the Bessel funtions,
we obtain the identities ontained in the following orollary.
Corollary 14 The following Parseval-Goldstein type identities hold true:
∫
∞
0
yFS
{
f(x); y
}
P
{
u−1 g(u); y
}
dy =
pi
2
∫
∞
0
f(x)L
{
g(u); x
}
dx, (50)∫
∞
0
yFS
{
f(x); y
}
P
{
u−1 g(u); y
}
dy =
pi
2
∫
∞
0
g(u)L
{
f(x); u
}
du, (51)∫
∞
0
FC
{
f(x); y
}
P
{
g(u); y
}
dy =
pi
2
∫
∞
0
f(x)L
{
g(u); x
}
dx, (52)∫
∞
0
FC
{
f(x); y
}
P
{
g(u); y
}
dy =
pi
2
∫
∞
0
g(u)L
{
f(x); u
}
du, (53)
and
∫
∞
0
f(x)L
{
g(u); x
}
dx =
∫
∞
0
g(u)L
{
f(x); u
}
du, (54)
provided that integrals involved onverge absolutely.
3 A set of useful orollaries
Several interesting onsequenes of the results in the previous setion will be presented in
this setion.
Corollary 15 The iteration identities hold true for the Widder potential transform, the Kν-
transform:
P
{
x2ν P
{
u−ν−
1
2 g(u); x
}
; t
}
= tν−
1
2 Kν
{
Kν
{
g(u); y
}
; t
}
, (55)
where −1 < ℜ(ν) < 3/2; and for the Widder potential transform and the lassial Laplae
tansform
P
{
xP
{
u−1 g(u); x
}
; t
}
=
pi
2
L
{
L
{
g(u); y
}
; t
}
, (56)
P
{
x−1 P
{
g(u); x
}
; t
}
=
pi
2
t−1 L
{
L
{
g(u); y
}
; t
}
, (57)
provided that eah member of the assertion (55), (56), and (57) exists.
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PROOF. We set
f(x) = xν+
1
2 (x2 + t2)−1 (58)
in the Parseval-Goldstein identity (37) of our Theorem 8. Using the known formula [11, p.
35, Entry 4.13℄ yields
Hν
{
xν+
1
2 (x2 + t2)−1; y
}
= tν y1/2Kν(t y), (59)
where −1 < ℜ(ν) < 3/2. The assertion (55) follows upon substituting (58) and (59) into the
identity (37) and using the denitions (14) and (1) of the Widder potential transform and
the Kν-transform, respetively. The assertions (56) and (57) immediately follows when we
set ν = 1/2 and ν = −1/2 in (55), respetively; and using the speial ases (16).
Remark 16 It is well known that the seond iterate of the lassial Laplae transform is the
Stieltjes transrform; that is,
L
{
L
{
g(u); x
}
; t
}
= S
{
g(u); y
}
. (60)
Using the result (60) in the identities (56) and (57) of our Corollary 15, we dedue
P
{
xP
{
u−1 g(u); x
}
; t
}
=
pi
2
S
{
g(u); y
}
, (61)
P
{
x−1 P
{
g(u); x
}
; t
}
=
pi
2
t−1 S
{
g(u); y
}
, (62)
provided that eah member of the assertion (61) and (62) exists.
Corollary 17 If −ℜ(ν) − 3/2 < ℜ(µ) < −1/2, then the following Parseval type identities
hold true for the Widder transform and the K -transform:
∫
∞
0
xµ+ν+
1
2 P
{
u−ν−
1
2 g(u); x
}
dx
= 2µ+
1
2
Γ
(
µ
2
+ ν
2
+ 3
4
)
Γ
(
ν
2
− µ
2
+ 1
4
) ∫ ∞
0
y−µ−1 Kν
{
g(u); y
}
dy, (63)
∫
∞
0
y−µ−1 Kν
{
g(u); y
}
dy
= 2−µ−
3
2 Γ
(
ν
2
− µ
2
+
1
4
)
Γ
(
1
4
− µ
2
− ν
2
) ∫
∞
0
uµ g(u) du (64)
and
∫
∞
0
xµ+ν+
1
2 P
{
u−ν−
1
2 g(u); x
}
dx
=
1
2
Γ
(µ
2
+
ν
2
+
3
4
)
Γ
(
1
4
− µ
2
− ν
2
) ∫
∞
0
uµ g(u) du (65)
provided that eah member of the assertion (55), (56), and (57) exists.
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PROOF. We set
f(x) = xµ (66)
in the Theorem 8. Using the known formula [11, p. 248, Entry (A1)℄ yields
P
{
xµ+ν−
1
2 ; u
}
=
pi
2
sec
[
pi
2
(
µ+ ν +
1
2
)]
uµ+ν−
1
2 . (67)
It is known that (f. [2, p. 22, Entry (7)℄)
Hν
{
xµ; y
}
= 2µ+
1
2 y−µ−1
Γ
(
µ
2
+ ν
2
+ 3
4
)
Γ
(
ν
2
− µ
2
+ 1
4
) · (68)
Now the assertions (63) and (64) follows upon substituting (66), (67) and (68) into the
Parseval-Goldstein identities (37) and (38), and then utilizing the formula for the gamma
funtion
Γ
(
1
2
+ z
)
Γ
(
1
2
− z
)
=
pi
cos(pi z)
· (69)
The assertion (63) immediately follows from (63) and (64).
Setting ν = 1/2 in the Corollary 17 and utilizing the formulas (69) and
Γ(2λ) =
√
pi 22λ−1 Γ(λ) Γ
(
λ+
1
2
)
(70)
for the Gamma funtion, we obtain the following Parseval type identities for the Laplae
transforms as speial ases of the identities given in the previous orollary.
Corollary 18 Eah of the following identities holds true:
∫
∞
0
y−µ−1 L
{
g(u); y
}
dy
=
√
pi
2
sec
(
pi µ
2
)
1
Γ(µ+ 1)
∫
∞
0
xµ+1 P
{
u−1 g(u); x
}
dx (71)
(ℜ(µ) > −1),∫
∞
0
y−µ−1 L
{
g(u); y
}
dy = Γ(−µ)
∫
∞
0
uµ g(u) du (ℜ(µ) < 0), (72)
and
∫
∞
0
xµ+1 P
{
u−1 g(u); x
}
dx =
√
2
pi
cos
(
pi µ
2
)
Γ(−µ)
Γ(µ+ 1)
∫
∞
0
uµ g(u) du (73)
(−1 < ℜ(µ) < 0),
provided that eah member of the assertion (71), (72), and (73) exists.
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Remark 19 Setting µ = −1 in the identity (72) of our Corollary 18 we obtain the well
known identity for the Laplae transform (f. [5, p. 110, Eq. (2.4)℄)
∫
∞
0
L
{
g(u); u
}
du =
∫
∞
0
g(u)
u
du. (74)
Hene the identity (56) is a generalization of the known identity (74).
4 Illustrative Examples
Several interesting onsequenes of the results in the previous setion will be presented in
this setion. An interesting illustration for the identity (18) of our Lemma 1 is ontained in
the following example.
Example 20 We show that
P
{
x2ν
x2 + a2
; y
}
=
pi
2 sin(ν pi)
a2ν − y2ν
a2 − y2 ,
(
ℜ(y + a) > 0, |ℜ(ν)| < 1
)
. (75)
PROOF. We put
f(x) =
xν+
1
2
x2 + a2
· (76)
Utilizing the known formula [2, p. 23, Entry (12)℄, we have
Hν
{
xν+
1
2
x2 + a2
; u
}
= aν u1/2Kν(a u). (77)
Applying the K -transform to both sides of the equation (77) and then using the known
formula [2, p. 145, Entry (48)℄
Kν

Hν
{
xν+
1
2
x2 + a2
; u
}
; y

 = aν Kν
{
u1/2Kν(a u); y
}
=
pi y
1
2
−ν
2 sin(ν pi)
a2ν − y2ν
a2 − y2 · (78)
The assertion (75) follows upon substituting (76) and (78) into the iteration identity (18) of
our Lemma 1. ✷
Remark 21 Using the denition (1) of the Widder transform, we an restate the result (75)
as ∫
∞
0
x2ν+1(
x2 + a2
)(
x2 + y2
) dx = pi
2 sin(ν pi)
a2ν − y2ν
a2 − y2 . (79)
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Setting β = a2, γ = y2, and ν = µ
2
− 1 we obtain the known formula
∫
∞
0
xµ−1(
x2 + β
)(
x2 + γ
) dx = pi
2 sin(µ pi)
γ
µ
2
−1 − β µ2−1
β − γ ,(
|arg(β)| < pi, |arg(γ)| < pi, 0 < ℜ(µ) < 4
)
, (80)
(f. [4, p. 300, Entry (3.264-2)℄).
The Mellin transform is dened as
M
{
f(x);µ
}
=
∫
∞
0
xµ−1 f(x) dx. (81)
Using the formula (80) and the denition (81) of the Mellin transform, we dedue another
known formula [1, p. 309, Entry (14)℄. These results verify our results in the Lemma 1.
Example 22 We show that
∫
∞
0
xµ+ν+
1
2
a2ν − x2ν
a2 − x2 dx =
1
2
sin(ν pi)
sec
[
pi
(
µ
2
+
3ν
2
+
1
4
)]
Γ
(
µ
2
+
ν
2
+
3
4
)
Γ
(
1
4
− µ
2
− ν
2
)
aµ+3ν−
1
2
(
ℜ(y + a) > 0, |ℜ(ν)| < 1, −3
2
< ℜ(µ+ 3ν) < 1
2
)
. (82)
PROOF. We put
g(u) =
u3ν+
1
2
u2 + a2
· (83)
Using the formula (75) of our Example 20, we have
P
{
u−ν−
1
2 g(u); x
}
= P
{
u2ν
u2 + a2
; x
}
=
pi
2 sin(ν pi)
a2ν − x2ν
a2 − x2 . (84)
Using the known formula [11, p. 248, Entry (A1)℄ yields
P
{
xµ+3ν−
1
2 ; u
}
=
pi
2
sec
[
pi
2
(
µ+ 3ν +
1
2
)]
uµ+3ν−
1
2 . (85)
We obtain the assertion (82) upon substituting the equations (83), (84) and (85) into the
identity (65) of our Corollary (17). ✷
Remark 23 Setting ν = 1/2 in the formula (82) and using the formulas
Γ(z + 1) = z Γ(z), Γ(z) Γ(−z) = −pi
z sin(pi z)
(86)
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for the gamma funtion, we obtain the known integral formula
∫
∞
0
xµ+1
x+ a
dx = pi csc(pi µ) aµ+1
(
a > 0, −2 < ℜ(µ) < −1
)
, (87)
(f. [4, p. 289, Entry 3.222-2℄). Thus, our formula (82) is a generalization of the known
formula (87).
The following example ontains a result involving Struve's funtions Hν(x) (see [1, p. 372℄).
Example 24 We show that
∫
∞
0
uµ+
1
2 Hν(a u) du =
2µ+
1
2 Γ
(
µ
2
+ ν
2
+ 3
4
)
aµ+
3
2 Γ
(
ν
2
− µ
2
+ 1
4
) tan [pi (µ
2
+
ν
2
+
3
4
)]
,
(
ℜ(ν) > −3
2
, −5
2
< ℜ(µ+ ν) < −1
2
)
. (88)
PROOF. We put
g(u) = u
1
2 Hν(a u) (89)
Using the known formula [2, p. 150, Entry (73)℄, we have
Kν
{
u
1
2 Hν(a u); x
}
=
aν+1 y−ν−
1
2
y2 + a2
· (90)
Utilizing the formula [11, p. 248, Entry (A1)℄ yields
P
{
y−µ−ν−
5
2 ; a
}
=
pi
2
sec
[
pi
2
(
µ+ ν +
3
2
)]
a−µ−ν−
5
2 . (91)
Substituting the results (89), (90) and (91) into the identity (64) of our Corollary (17), we
obtain ∫
∞
0
uµ+
1
2 Hν(a u) du =
2µ+
1
2 pi sec
[
pi
2
(
µ+ ν + 3
2
)]
aµ+
3
2 Γ
(
ν
2
− µ
2
+ 1
4
)
Γ
(
1
4
− µ
2
− ν
2
) · (92)
Multiplying and dividing the fration on the right hand side of (92) with Γ
(
µ
2
+ ν
2
+ 3
4
)
and
using the formula
Γ(z) Γ(1− z) = pi
sin(piz)
(93)
with z = µ
2
+ ν
2
+ 3
4
, we obtain the desired formula (88). ✷
Remark 25 Using the denition (81) of the Mellin transform together with (88) of our
Example (24), we obtain
M
{
Hν(a u);µ+
3
2
}
=
2µ+
1
2 Γ
(
µ
2
+ ν
2
+ 3
4
)
aµ+
3
2 Γ
(
ν
2
− µ
2
+ 1
4
) tan [pi (µ
2
+
ν
2
+
3
4
)]
, (94)
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(f. [1, p. 335, Entry (52)℄). The H-transform is dened as.
Hν
{
f(x); y
}
=
∫
∞
0
√
x yHν(x y) f(x) dx (95)
Using the denition (95) of the H-transform together with (88), we dedue
Hν
{
uµ; a
}
=
2µ+
1
2 Γ
(
µ
2
+ ν
2
+ 3
4
)
aµ+1 Γ
(
ν
2
− µ
2
+ 1
4
) tan [pi (µ
2
+
ν
2
+
3
4
)]
, (96)
(f. [2, p. 158, Entry (4)℄).
Example 26 We show that
∫
∞
0
yν−µ−
1
2(
y2 + a2
)2ν+1 dy = 12
a−3ν−µ−
3
2
Γ(2ν + 1)
Γ
(
ν
2
− µ
2
+
1
4
)
Γ
(
3ν
2
+
µ
2
+
3
4
)
(
ℜ(µ+ 3ν) > −3
2
, ℜ(µ− ν) < 1
2
)
. (97)
PROOF. We put
g(u) = u2ν+
1
2
Jν(a u) (98)
Using the known formula [2, p. 137, Entry (16)℄, we have
Kν
{
u2ν+
1
2
Jν(a u); y
}
=
22ν aν yν+
1
2 Γ(2ν + 1)(
y2 + a2
)2ν+1 · (99)
Substituting the results (98) and (99) into the identity (64) of our Corollary (17), we obtain
∫
∞
0
yν−µ−
1
2(
y2 + a2
)2ν+1 dy =2
−2ν−µ− 3
2 a−ν
Γ(2ν + 1)
Γ
(
ν
2
− µ
2
+
1
4
)
Γ
(
1
4
− µ
2
− µ
2
)∫
∞
0
uµ+2ν+
1
2
Jν(a u) du. (100)
The integral on the right hand side of (100) an be alulated using the denition (9) of the
Hankel transform and using the known formula [2, p. 22, Entry (7)℄, we obtain
Hν
{
uµ+2ν ; a
}
= 2µ+2ν+
1
2 a−µ−2ν−1
Γ
(
µ
2
+ 3ν
2
+ 3
4
)
Γ
(
1
4
− ν
2
− µ
2
) · (101)
The assertion (102) follows immediately upon substituting (101) into (100). ✷
Remark 27 Setting ν = 0 in (102) of our Example 26, we obtain
∫
∞
0
yν−µ−
1
2
y2 + a2
dy =
1
2
a−3ν−µ−
3
2 Γ
(
1
4
− µ
2
)
Γ
(
µ
2
+
3
4
)
,
(
− 3
2
< ℜ(µ) < 1
2
)
. (102)
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Using the denition (1) of the Widder transform together with the formula (69) for the
gamma funtion and setting µ = −ρ − 1
2
, we obtain the known formula [11, p. 248, Entry
(A1)℄.
Example 28 We show that
Kν
{
xµ+2ν ; a
}
= 2µ+2ν−
1
2 a−2ν−µ−
1
2 Γ
(
µ
2
+
ν
2
+
3
4
)
Γ
(
µ
2
+
3ν
2
+
3
4
)
(
ℜ(µ+ 2ν) > |ℜ(ν)| − 1
2
)
. (103)
(f. [2, p. 127, Entry 1℄).
PROOF. We put the funtion g(u) dened in (98) into the identity (63) of our Corollary 17.
Using the known formula [11, p. 249, Entry (A8)℄, we have
P
{
u−ν−
1
2 g(u); y
}
= P
{
uν Jν(a u); y
}
= uν Kν(a u). (104)
Substituting the results (99) and (104) into the identity (63), we obtain
∫
∞
0
xµ+2ν Kν(a x) dx = 2
µ+2ν− 1
2 a−2ν−µ−
1
2 Γ
(
µ
2
+
ν
2
+
3
4
)
Γ
(
µ
2
+
3ν
2
+
3
4
)
(105)
Using the denition (14) on the left hand side of (105), we obtain the assertion (103). ✷
5 Conlusions and further diretions
We have obtained several iterations identities for Hankel transforms, K-transforms, and
Widder transforms. These iteration identities yield new Parseval-Goldstein identities and
Goldstein exhange identities for these and many other integral transforms. We illustrated
some use of these identities by evaluating some improper integrals without using ompliated
tehniques. Many other innite integrals an be evaluated in this manner by applying the
lemmas, the theorems and its orollaries onsidered here.
The methods in this work and many other artiles inluded in the referenes will yield new
identities for the known integral transforms. Using these identities it is possible to ompute
diult innite integrals and integral transforms.
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